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We study active run-and-tumble particles in two dimensions with an additional two-state internal
variable characterizing their motile or non-motile state. Motile particles change irreversibly into
non-motile ones upon collision with a non-motile particle. The system evolves towards an absorbing
state where all particles are non-motile. We initialize the system with one non-motile particle in
a bath of motile ones and study numerically the kinetics of relaxation to absorbing state and its
structure as function of the density of the initial bath of motile particles and of their tumbling rate.
We find a crossover from fractal aggregates at low density to homogeneous ones at high density.
The persistence of single-particle dynamics as quantified by the tumbling rate pushes this crossover
to higher density and can be used to tune the porosity of the aggregate. At the lowest density
the fractal dimension of the aggregate approaches that obtained in single-particle diffusion limited
aggregation. Our results could be exploited for the design of structures of desired porosity. The
model is a first step towards the study of the collective dynamics of active particles that can exchange
biological information.
INTRODUCTION
Self-propelled entities, from active colloids to motile
bacteria, show rich collective dynamics and emergent pat-
terns [1–3]. In these systems transient or permanent
spatial structures form spontaneously from the interplay
of motility and interactions, as for instance in the phe-
nomenon of motility-induced phase separation [4], in col-
lections of rotors [5, 6] or in swarms of programmable
robots [7]. Activity can also be controlled with external
perturbations, such as light [8], allowing the possibil-
ity of controlling active assembly. Living systems, from
bacterial suspensions to tissues, can be thought of as col-
lections of motile active particles that can additionally
carry and exchange biological information or alter their
phenotypic or genetic state. The study of the collective
dynamics of such information-carrying active particles
has just begun [9] and is of great importance for biology
[10]. Such information transfer is clearly important for
the understanding of the evolutionary behavior of bacte-
rial species [11] or for regulating intra and intercellular
biochemical signaling in multicellular aggregates. Early
work on active gels has modeled this via the interplay of
activity and diffusion of molecular species [12].
In this paper we study a minimal model of active par-
ticles with run-and-tumble dynamics in two dimensions
and an additional, two-state, internal variable σ that de-
scribes the state of motion: the particles can be motile
( σ = 1) or non-motile or “dead” (σ = 0). Motile par-
ticles change their motility state irreversibly upon colli-
sion with non-motile ones. The system therefore evolves
towards the absorbing state where σ = 0 for all par-
ticles [13]. The model is relevant to the spreading of
infectious diseases that require person to person contacts
[14]. Most previous work in this field has focused on
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the role of the degree of separation between individuals
and has considered spreading dynamics on a network,
with focus on understanding the role of the topological
properties of the network, especially its connectivity, in
controlling disease propagation [15, 16]. In the present
work, in contrast, we focus on the role of the dynamics
of individual agents in controlling the spread of infection.
Our model may also have some relevance to biofilm for-
mation [17, 18] and to population dynamics [19]. In the
latter context the growing boundary of the σ = 0 state
represents the frontier of an expanding population [20].
The model considered here is a variant of multiparticle
diffusion limited aggregation (DLA) [21, 22]. In the clas-
sic single-particle DLA process individual particles are
added to the system one at the time and perform a ran-
dom walk, until they reach the boundary of the aggregate
and become part of the cluster [23, 24]. A new particle is
added only after the previous one has joined the cluster.
In two dimensions (d = 2) this yields a fractal cluster
with fractal dimension df = d − η and η ' 0.3. The
two-point correlation function of the aggregate decays as
a power law ∼ r−η. Starting with the seminal paper of
Witten and Sander [23], several findings about morpho-
logical properties of DLA aggregate have been explored
in great detail [25–28].
In the multiparticle DLA, the aggregate growth takes
place in a bath of Brownian particles with a small fraction
of seed particles taken to be initially part of the cluster.
Multiparticle DLA on a lattice was studied in Refs. [21,
22] as a function of the concentration of bath particles. It
was found that at low bath concentration the aggregate
structure resembled the one obtained in single-particle
DLA, while a higher concentration led to more compact
clusters.
In this paper we consider an off-lattice model of mul-
tiparticle aggregation where the bath particles undergo
run-and-tumble dynamics, moving ballistically at speed
v0, with the direction of motion randomized at the tum-
bling rate λ. By tuning λ the single-particle dynamics
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2FIG. 1. Snapshots of the absorbing state obtained as the final step of our numerical simulation. The aggregates are
homogeneous at high density and porous, with a fractal structure, at lower density. For φ below about 0.1 the aggregates no
longer fill the box and display the properties of single-particle DLA.
changes from diffusive in the limit λ → ∞, with v20/λ
finite [29], as implemented in conventional DLA, to bal-
listic in the limit λ→ 0, as studied in models of ballistic
aggregation (BA) [30, 31]. Unlike in models of single-
particle BA (see, e.g., Ref. [32]), here we do not ob-
tain compact aggregates with fractal dimension equal to
the dimensionality of space even for λ = 0. The rea-
son is that collisions cause the particles’ trajectories to
deviate from straight runs, generating a finite λeff (φ).
We expect λeff (φ) to vanish with vanishing density, re-
sulting in compact aggregates for ballistic single-particle
dynamics (λ = 0). This regime is, however, difficult to
probe as it requires very long run times and large system
sizes. We find that the structure of the final cluster is
mainly controlled by the initial concentration of motile
particles. The tumbling rate promotes the formation of
homogeneous aggregates, with an effect similar to that of
increasing the random walk step size in DLA models [33].
It also has a profound effect on the time for relaxation
to the absorbing state, and increasing λ greatly acceler-
ates the dynamics. This result suggest that microorgan-
isms like bacteria may take advantage of run-and-tumble
dynamics to speed up aggregation and promote biofilm
formation.
MODEL
The model is designed to study the effect of activity
on multi-particle aggregation processes in two spatial di-
mensions. We consider N disks of diameter a in a square
box of side L with periodic boundary conditions in two
dimensions. All particles interact with short-ranged re-
pulsive interactions. Initially the system contains a small
fraction of non-motile particles (one particle in the simu-
lations), while all other particles are motile and perform
run-and-tumble dynamics. The motile particles switch
to a non-motile or “dead” state upon collision with a
non-motile particle. At long times the final state will of
course be one where all particles are dead. The scope of
our work is to quantify the structural properties of the
final state and the influence of activity on the kinetics
of the aggregation process. The state of particle i, with
i = 1, ..., N , is characterized by the position ri, a unit
vector ei that specifies the direction or motion during
the run phase, and the internal state variable σi, with
σi = 0 for non-motile particles and σi = 1 for motile
ones.
The dynamics of motile particles is overdamped and
governed by the stochastic equation for the translational
velocity vi = r˙i and the angular velocity ωi = r˙i ∧ ei,
given by [34–36]
vi = v0eiσi(1− τi) + µ
∑
i 6=j
f(rij), (1)
ωi = t
r
i τi σi.
In (1), rij ≡ |ri−rj |, τi is an auxiliar state variable, with
τi = 0 during the run and τi = 1 during the tumble, µ = 1
is the mobility. During a tumble, particle i acquires a ran-
dom torque tri that rotates the direction of ei. Tumbles
are Poissonian distributed with a rate λ. The particles
interact mechanically through purely repulsive, short-
ranged, forces f(r) = −∇rV (r) with V (r) = 012 (ar )12.
In the following we consider 0 = 1 .
The state variable σi evolves according to a determinis-
tic rule: when the distance between particle i and particle
j at time t is less than δ = 43a, we update the state of
both particles by letting σi,j(t+ dt) = σi(t) · σj(t).
We have solved numerically Eqs. (1) using a second-
order Runge-Kutta scheme with time step dt= 10−3 for
v0=1. The simulations are carried out for a maximum of
5× 106 steps. We perform numerical simulations explor-
ing different values of the tumbling rate λ∈ [10−3, 1] and
of the packing fraction φ = ρ0pi(a/2)
2 ∈ [5 · 10−2, 0.72],
with ρ0 = N/L
2 the mean number density. The val-
ues of φ are spanned by varying the number of particles
N = 102− 1202 at fixed L. Most of the results presented
here have been obtained for systems sizes L=120 a. We
have also examined the dependence of our results on sys-
tem size considering L = 180a, 240a. Finally, we have
considered an average over 50 independent runs.
3FIG. 2. (a) Fractal dimension df of the absorbing state as a function of the packing fraction φ for tumbling rates ranging from
λ = 0.001 (orange) to λ = 1 (dark blue). The error bars are smaller than the symbols. The horizontal blue and black dotted
lines correspond to df = 1.74 and df = 2, respectively. (b) The color shows the fractal exponent df of the absorbing state
according to the scale indicated identifying various regimes in the φ versus λ plane. The blue and black dotted lines correspond
to df = 1.74 and df = 2, respectively. Red and green dotted lines are df = 1.8 and df = 1.95.
RESULTS
All our simulations start with one seed non-motile par-
ticle in the state σi = 0, embedded in a sea of N − 1
particles with σj = 1 for i 6= j. The final state of course
is one where σi=0, ∀i. To characterize the dynamics we
evaluate the time evolution of the fraction of non-motile
particles, f(t) = 1 − N−1∑i σi(t), which is 1 when the
system reaches the absorbing state, i.e., σi = 0, ∀i.
A. Structure of the absorbing state
In Fig. 1 we show snapshots of the final state of non-
motile particles at the end of the simulations as a function
of packing fraction φ and tumbling rate λ. The seed par-
ticle is always at the center of the box. At high densities
the particles fill the space uniformly and the spatial di-
mension of the particle aggregate matches the Euclidean
dimension. The value df = 2 is chosen as defining the
crossover from fractal to homogeneous structures. At
lower density, the system self-assembles in porous fractal
patterns. The structure of the final state is quantified by
evaluating the fractal dimension of the final non-motile
aggregate and the two point correlation function. To
calculate the Minkowski-Bouligand dimension we divide
space in a square grid of linear size . The fractal dimen-
sion is then defined by evaluating df () = lnN()/ ln 
−1,
where N() is the number of grid points that are occu-
pied by particles. The fractal dimension df is defined
as the slope of the linear plot of lnN() versus ln  [37].
The results are shown in Fig. 2(a). We have also ver-
ified that the fractal dimension computed using more
general definitions (e.g., information and correlation di-
mensions [28, 37]) agrees with that obtained from box
counting.
The fractal dimension depends only weakly on tum-
bling rate. We identify three distinct behaviors as a
function of packing fraction. At large packing fraction
the final state is homogeneous, with df = 2. At inter-
mediate packing fraction the final aggregate has porous
structure with df decreasing continuously from df = 2
to the value df = 1.74 (in the limit of large system sizes)
that characterizes fractal aggregates obtained in single-
particle DLA. At packing fractions below about 0.1 the
aggregates are fractal and compact, in the sense that they
do not span the system size. A more quantitative ver-
sion of the phase diagram in the (φ, λ) plane is shown in
Fig. 2(b). A similar behavior as a function of packing
fraction of bath (here motile) particles has been obtained
in lattice models of multi-particle DLA [21, 22]. In our
work the persistence of the dynamics as quantified by
the tumbling rate provides an additional knob for tuning
the structure of the final state. Smaller tumbling rates,
corresponding to more persistent dynamics, enhance the
fractal structure of the aggregate by pushing the porous
region to higher density.
To further quantify the structural properties of the ab-
sorbing state, we have calculated the static structure fac-
tor S(k), defined as [38],
S(k) =
1
N
〈∣∣∣∣∣∣
N∑
j=1
e−irj ·k
∣∣∣∣∣∣
2〉
, (2)
where the angular brackets indicate an average over in-
dependent final configurations. The behavior of S(k)
is shown in Fig. 3(a) for λ = 1, and packing frac-
tions in the range φ = 0.08 − 0.54. Since in the ab-
sorbing state the particles are always in contact, S(k)
shows a pronounced peak at kpeak = 2pi/a even for low
4FIG. 3. (a) Static Structure Factor S(k) as a function of
k for λ = 1 and densities ranging from φ = 0.08 (dark blue)
to φ = 0.54 (yellow symbols). The black arrow indicates the
direction of increasing packing fraction of the initial bath of
motile particles. The green line is a fit to the Ornstein-Zernike
form S(k) = ξ2S0
[
1 + (ξk)2
]−1
for φ = 0.44, corresponding
to ξ = 7.1±0.6. This value is in agreement with the estimate
of ξ made through Eq. (3) (see panel (b)). The red line is a
fit to a power-law S(k) ∼ k−df , with df = 1.9 ± 0.3 for φ =
0.087. Considering the statistical error, the value obtained
from the power law is consistent with the fractal dimension
computed through the box counting method. (b) Correlation
length ξ in unit of box side L for several λ = 0.001, 0.01, 0.1, 1.
The correlation lengths are computed through Eq. (3), i.e.
without any fitting parameter. The green curve is a fit to
ξ ∼ (φ − φDLA)−ν , with ν = 1.7 ± 0.2. The data have large
error bars. Values of ξ larger than L are due to statistical
error.
initial motile particles density. Counterintuitively, the
height of the peak grows with lowering the density, con-
sistent with the growth of the correlation length shown
in Fig. 3(b). As in colloidal aggregation, see for in-
stance [39], and DLA [40, 41], we expect the structure
factor of the final aggregate to obey a scaling ansatz of
the form S(k) ∼ ξ2F (kξ), where F (x) is a universal scal-
ing function, with F (x→ 0) = constant, and ξ = ξ(φ, λ)
a correlation length that depends on the model’s param-
eters. At intermediate wavevectors the structure factor
exhibit power-law behavior, S(k) ∼ k−df , as shown in
Fig. 3a for one value of packing fraction (see red dashed
line). At high density, where the absorbing state spans
the entire system and is uniform, the scaling exponent
df is replaced by the system’s dimensionality d = 2, the
correlation length is of order a and the structure fac-
tor is well approximated by an Ornstein-Zernike form,
S(k) = ξ2S0
[
1 + (ξk)2
]−1
, with S0 and ξ as fitting pa-
rameters, as shown by the green dashed line in Figs. 3(a)
for φ = 0.44. At lower density, where the structure be-
comes porous and fractal, the correlation length grows
as the density decreases and one observes the power-law
behavior, S(k) ∼ k−df , in a broad range of wave-vectors.
The correlation length extracted from S(k) is shown as a
function of packing fraction φ for various values of tum-
bling rate in Fig. 3(b). The correlation length ξ has
been calculated by computing the second-moment of the
structure factor according to [42]
ξ2 = − ∂ lnS(k)
∂k2
∣∣∣∣
k2=0
. (3)
It shows a clear growth with decreasing density, as long
as the size Rg of the fractal structure is comparable to
the size L of the box. Below packing fractions φDLA ∼
0.1, where one obtains DLA-type behavior, Rg < L and
ξ ∼ Rg decreases with decreasing φ. The growth of ξ
with decreasing density for φ > φDLA can be fit by ξ ∼
(φ−φDLA)−ν , where ν = 1.7±0.2. In the porous regime,
the correlation length ξ corresponds to the characteristic
length scale of the self-similar structures, i.e., it quantifies
the aggregate’s porosity.
B. Aggregation kinetics
The relaxation to the absorbing state is best displayed
in terms of the growth of the fraction f(t) of non-motile
particles, shown in Fig. 4. At high density the behavior
is well described by an exponential growth as obtained
from the solution of a logistic equation [20], given by
∂tf =
1
τ
f(1− f) , (4)
with τ a collision time, and solution
f(t) =
f0
f0 + (1− f0)e−t/τ , (5)
where f0 = f(t = 0) is the initial fraction of non-motile
particles (in the numerics, we set f0 = 0.01). The logistic
model fails, however, at lower density where spatial inho-
mogeneities are important (see Fig. 4(a) ). In this case
the long time dynamics is best described by a power-law,
with f(t) ∼ tγ(φ,λ). The non-universal exponent γ ap-
proaches 1 at low density (see inset in Fig. 4(a)). The
5FIG. 4. (a) Growing of the fraction of non-motile particles
in time for increasing packing fraction in the porous regime
(φ = 0.05− 0.44) for λ = 1. The red dashed curves are fits to
the logistic form given in Eq. (5) with τ a fitting parameter.
The black dashed lines are fits to f ∼ tγ . Inset: non-universal
exponent γ as a function of packing fraction φ. (b) Relaxation
time τ defined as f(τ) = 1 as a function of φ at different
values of tumbling rate λ. The red and blue dashed lines are
fits to the φ−1/2 and φ−1 behavior derived in the text. The
vertical cyan line denotes the value of packing fraction below
which the fractal aggregate dimension is dDLA = 1.74. (c)
Relaxation time τ as a function of tumbling rate λ for a range
of packing fractions φ = [5×10−2, 0.72]. The black dashed
line has slope 1. The figure clearly displays the crossover
from a regime where the dynamics is ballistic at small λ and
τ is independent of λ to one where the dynamics is Brownian
and τ grows with λ. The crossover takes place at increasing
values of λ as the density increases.
main effect of activity, as compared to the Brownian dy-
namics considered in Ref. [21, 22], is to accelerate the
approach to the absorbing state (see Fig. 4(c)).
We show in Fig. 4(b,c) the relaxation time τ defined
as the time needed for the system to reach the final con-
figuration where σi = 0, ∀i, i.e., f(τ) = 1. The re-
laxation time decreases with increasing density and be-
comes independent of λ at high density. This crossover
is most evident in Fig. 4(c) that shows τ as a function
of tumbling rate for a range of densities. This behav-
ior can be understood qualitatively as a crossover from
persistent (or active) to Brownian dynamics using the fol-
lowing simple argument. The mean-square displacement
MSD(t) = 〈[~r(t) − ~r(0)]2〉 of an individual particle per-
forming run-and-tumble dynamics displays a crossover
from ballistic behavior MSD(t) = v20t
2 for t < λ−1 to
diffusive behavior MSD(t) = 4Dt for t < λ−1, with
D = v20/(2λ) an effective diffusivity [43]. The dynam-
ics can be characterized by an associated persistence
length `p = v0/λ over which individual particles travel
ballistically in a straight line. The time scale τ control-
ling collisions that transform motile particles into non-
motile ones can then be estimated by MSD(τ) = φ−1,
where φ−1/2 is the mean separation between particles.
When `p > φ
−1/2, the dynamics is ballistic and this gives
v20τ
2 ∼ φ−1, or τ ∼ φ−1/2 independent of λ, as shown
in Fig. 4(c). When `p > φ
−1/2 the dynamics is diffusive,
with the result Dτ ∼ φ−1 or τ ∼ λ/φ. The results shown
in Fig. 4(b,c) are qualitatively consistent with this simple
argument.
CONCLUDING REMARKS
We have examined the collective dynamics of repulsive
run-and-tumble particles that exchange motility state
upon contact and evolve irreversibly towards an absorb-
ing steady state of non-motile particles. The struc-
ture of the absorbing state changes from fractal to ho-
mogeneous as the density of the initial bath of motile
particles increases - a behavior qualitatively similar to
the one previously observed in models of multi-particle
DLA [21, 22]. The aggregates evolve from fractals at low
density and high tumbling rates, as in diffusion limited
aggregation [23], to homogeneous structures, as typical
of clusters in Eden’s models [44]. The persistence of the
dynamics controlled by the tumbling rate provides a new
knob for tuning the structure of the aggregate, with per-
sistence accelerating the relaxation and promoting uni-
form structures.
By examining both the structure of the absorbing state
and the relaxation dynamics when varying the packing
fraction, φ, of the initial bath of run-and-tumble particles
and their tumbling rate, λ, we identify three regimes:
(i) At low density (φ < φDLA ∼ 0.1) the absorbing
state is a fractal with dimension df ' 1.74 as in
single-particle DLA. In this regime the correlation
6length is bound by the size Rg < L of the clus-
ter: it grows with density and it approaches the
system size L as φ approaches φDLA from below.
The persistence of the single particle dynamics ren-
ders φDLA a weak function of λ, pushing it to lower
density with increasing persistence.
(ii) At intermediate density the aggregate is a space-
filling porous structure of fractal dimension grow-
ing smoothly from df = 1.74 to df = 2 with in-
creasing density. The relaxation to the absorbing
state is power-law, with a non-universal exponent.
Persistence of the single-particle dynamics acceler-
ates the relaxation and promotes the formation of
homogeneous aggregates.
(iii) At high density the final aggregate is homogeneous
with fractal dimension df = 2. In this regime the
relaxation to the absorbing state is exponential and
well described by a simple logistic model.
Our model provides a first step towards the study of
the effects of motility on population dynamics [45–47]. In
this context it will be interesting to allow for processes
where motile particles can be reactivated or ‘reawakened’
after a lag time. Our preliminary work on such more
general models suggest a rich behavior with the possi-
bility of survival of a population of motile particles in
the steady state. It may be possible to test our pre-
dictions on the role of persistence of the single-partcile
dynamics in tuning the structure of the steady state ag-
gregates by employing light to locally affect the tumbling
rate of genetically modified swimming bacteria [48, 49].
The mechanism described here could also be exploited to
use active colloids, where persistence is tuned by rota-
tional diffusion, to design and assemble micro-structures
of desired porosity for technological and biomedical ap-
plications.
ACKNOWLEDGMENTS
This work was supported by the Simons Foundation
Targeted Grant in the Mathematical Modeling of Living
Systems Number 342354 (MP, MCM) and by the Na-
tional Science Foundation through award DMR-1609208
(MCM). All authors thank the Syracuse Soft & Living
Matter Program for additional support and David Yl-
lanes for illuminating discussions.
[1] M. C. Marchetti, J. F. Joanny, S. Ramaswamy, T. B.
Liverpool, J. Prost, M. Rao, and R. A. Simha, Rev.
Mod. Phys. 85, 1143 (2013).
[2] S. Ramaswamy, Annu. Rev. Condens. Matter Phys. 1,
323 (2010).
[3] C. Bechinger, R. Di Leonardo, H. Lo¨wen, C. Reichhardt,
G. Volpe, and G. Volpe, Rev. Mod. Phys. 88, 045006
(2016).
[4] J. Tailleur and M. E. Cates, Phys. Rev. Lett. 100, 218103
(2008).
[5] J. Schwarz-Linek, C. Valeriani, A. Cacciuto, M. E. Cates,
D. Marenduzzo, A. N. Morozov, and W. C. K. Poon,
Proc. Natl. Acad. Sci. USA (2012).
[6] B. Liebchen, M. E. Cates, and D. Marenduzzo, Soft
Matter 12, 7259 (2016).
[7] M. Rubenstein, A. Cornejo, and R. Nagpal, Science 345,
795 (2014).
[8] J. Stenhammar, R. Wittkowski, D. Marenduzzo, and
M. E. Cates, Sci. Adv. 2 (2016).
[9] U. Khadka, V. Holubec, H. Yang, and F. Cichos, Nat.
Commun. 9, 3864 (2018).
[10] C.-P. Heisenberg and Y. Bella¨ıche, Cell 153, 948 (2013).
[11] J. E. Keymer, R. G. Endres, M. Skoge, Y. Meir, and
N. S. Wingreen, Proc. Natl. Acad. Sci. USA 103, 1786
(2006).
[12] J. S. Bois, F. Ju¨licher, and S. W. Grill, Phys. Rev. Lett.
106, 028103 (2011).
[13] H. Hinrichsen, Adv. Phys. 49, 815 (2000).
[14] M. J. Keeling and P. Rohani, Modelling infectious dis-
eases in humans and animals (Princeton University
Press, 2008).
[15] A. Barrat, M. Barthelemy, and A. Vespignani, Dynami-
cal Processes on Complex Networks (Cambridge Univer-
sity Press, 2008).
[16] B. Ottino-Lo¨ffler, J. G. Scott, and S. H. Strogatz, Phys.
Rev. E 96, 012313 (2017).
[17] M. Matsushita, F. Hiramatsu, N. Kobayashi, T. Ozawa,
Y. Yamazaki, and T. Matsuyama, Biofilms 1, 305 (2004).
[18] M. Deforet, D. Van Ditmarsch, C. Carmona-Fontaine,
and J. B. Xavier, Soft matter 10, 2405 (2014).
[19] P. Deng, L. de Vargas Roditi, D. Van Ditmarsch, and
J. B. Xavier, New J. Phys. 16, 015006 (2014).
[20] J. D. Murray, Mathematical Biology (Springer Verlag
(Berlin Heidelberg), 1989).
[21] R. F. Voss, Phys. Rev. B 30, 334 (1984).
[22] R. F. Voss, J. Stat. Phys. 36, 861 (1984).
[23] T. A. Witten and L. M. Sander, Phys. Rev. Lett. 47,
1400 (1981).
[24] T. A. Witten and L. M. Sander, Phys. Rev. B 27, 5686
(1983).
[25] P. Meakin and S. Tolman, Proc. R. Soc. Lond. A 423,
133 (1989).
[26] P. Meakin, Phys. Rev. Lett. 51, 1119 (1983).
[27] M. Plischke and Z. Ra´cz, Phys. Rev. Lett. 53, 415 (1984).
[28] A.-L. Baraba´si and H. E. Stanley, Fractal concepts in
surface growth (Cambridge university press, 1995).
[29] M. E. Cates, Rep. Prog. Phys. 75, 042601 (2012).
[30] M. J. Vold, J. Colloid Sci. 18, 684 (1963).
[31] D. Sutherland, J. Colloid Interface Sci. 22, 300 (1966).
[32] S. Liang and L. P. Kadanoff, Phys. Rev. A 31, 2628
(1985).
[33] Y.-B. Huang and P. Somasundaran, Phys. Rev. A 36,
4518 (1987).
[34] L. Angelani, R. Di Leonardo, and G. Ruocco, Phys. Rev.
Lett. 102, 048104 (2009).
7[35] M. Paoluzzi, R. Di Leonardo, and L. Angelani, J. Phys.
Condens. Matter 26, 375101 (2014).
[36] M. Paoluzzi, R. Di Leonardo, and L. Angelani, Phys.
Rev. Lett. 115, 188303 (2015).
[37] T. Vicsek, Fractal growth phenomena (World scientific,
1992).
[38] J.-P. Hansen and I. R. McDonald, Theory of simple liq-
uids (Elsevier, 1990).
[39] A. E. Gonza´lez and G. Ramirez-Santiago, Phys. Rev.
Lett. 74, 1238 (1995).
[40] C. Oh and C. Sorensen, Phys. Rev. E 57, 784 (1998).
[41] C. Sorensen, Aerosol Science & Technology 35, 648
(2001).
[42] D. J. Amit and V. Martin-Mayor, Field Theory,
the Renormalization Group, and Critical Phenomena:
Graphs to Computers Third Edition (World Scientific
Publishing Company, 2005).
[43] M. C. Marchetti, Y. Fily, S. Henkes, A. Patch, and D. Yl-
lanes, Curr. Opin. Colloid Interface Sci. 21, 34 (2016).
[44] M. Eden, in Proceedings of the Fourth Berkeley Sympo-
sium on Mathematical Statistics and Probability, Volume
4: Contributions to Biology and Problems of Medicine
(University of California Press, Berkeley, Calif., 1961) pp.
223–239.
[45] M. O. Lavrentovich, K. S. Korolev, and D. R. Nelson,
Phys. Rev. E 87, 012103 (2013).
[46] M. O. Lavrentovich, M. E. Wahl, D. R. Nelson, and
A. W. Murray, Biophys. J. 110, 2800 (2016).
[47] T. Grafke, M. E. Cates, and E. Vanden-Eijnden, Phys.
Rev. Lett. 119, 188003 (2017).
[48] J. Arlt, V. A. Martinez, A. Dawson, T. Pilizota, and
W. C. Poon, Nat. Commun. 9, 768 (2018).
[49] G. Frangipane, D. Dell’Arciprete, S. Petracchini,
C. Maggi, F. Saglimbeni, S. Bianchi, G. Vizsnyiczai,
M. L. Bernardini, and R. Di Leonardo, eLife 7, e36608
(2018).
